Risk ratios are distribution function tail ratios and are widely used in health disparities research. Let A and D denote advantaged and disadvantaged populations with cdfs
Introduction
James P. Scanlan, a Washington D.C. lawyer, has written extensively on statistical issues of discrimination for more than two decades. He has contributed prodigiously to commentaries, workshop presentations, legal briefs, news articles, web posts, lengthy letters to organizations, including the American Statistical Association, various slide files as well as several journal publications. Typically his focus is on various measures of different population disparities. Most of this work is freely available on his burgeoning website www.jpscanlan.com. Many of Scanlan's contributions have focused on health disparities and commonly associated statistical measures of disparities. His most important contributions have addressed what epidemiologists refer to as risk ratios, or relative risk.
Risk ratios are probability distribution function tail ratios, either empirical or theoretical, or sometimes functions thereof. Scanlan views risk ratios as having been improperly understood and wrongly interpreted; as he sees it, his goal is to provide a more enlightened perspective on their use. This is a core theme in his contributions. There is a very large and often controversial literature on the use of risk ratios stretching back well more than 50 years (Sheps 1958) and which is continuing Weissman et al. 2011) .
The focus here is on a surprising property of risk ratios apparently discovered by and called by Scanlan Heuristic Rule X (HRX) or sometimes "Scanlan's Rule. " In more recent contributions he has tended to avoid the term and focused on certain properties of HRX instead. Let F denote a distribution function lower tail, 1 − F the upper tail. Consider group, D, disadvantaged with respect to another group A, with group A right-shifted, relative to D with equal scales. Define the fail ratio FR and the success ratio SR with respect to variable X.
FR(x) = F D (x)/F A (x)
and
where the subscripts A and D refer to the advantaged and disadvantaged groups, respectively. Typically SR(x) ≤ 1 while FR(x) ≥ 1. The terms "disparity" or "disparities" refer to the relative departure of one or both of these ratios from one, where one can be regarded as "equity. " The magnitudes of these disparities can trigger public policy concerns, especially claims of racism, discrimination, or bias, and consequently sometimes legal actions.
The conundrum is the following: Suppose c is a test score above which there is success, and below which there is failure. If c is shifted downward (lowered) then SR(x) increases toward one. However under certain mild conditions the failure ratio, FR(x) unexpectedly increases away from one. This is the property HRX.
Scanlan has argued in numerous places with forcefulness and often at great length about properties of these ratios he has long identified; however, he uses neither the above notion nor does he characterize matters in the terms we use here. Consider the graphs of pairs (x, FR(x)), and (x, SR(x)) with the risk ratio graphed against x. Scanlan would argue that the corresponding trajectories of these graphs are grossly misunderstood. . . even by professionals whose business, presumably, is to understand them. For example he starts his "Divining Difference" 1994 Chance article with the statement that "There are few statistical phenomena that are at once so fundamental and so widely misunderstood as the seemingly paradoxical relationship between disparities (i.e., SR and FR above). . . . The misunderstanding of that relationship is responsible for immense confusion in the appraisal of a wide range of phenomena disparately affecting different demographic groups (Scanlan 1994, p. 38) 
He prefers to characterize the difficulty this way: "The main problem with existing research lies in the failure to recognize the following statistical tendency, which we'll call heuristic rule X (HRX): When two groups differ in their susceptibility to an outcome, the rarer the outcome, the greater the disparity in experiencing the outcome and the smaller the disparity in avoiding the outcome. (Scanlan 2006, p. 47 
Readers (ourselves included) often find such statements hard to parse partly because he typically provides an insufficient framework at the outset, visual or conceptual, within which to parse the prose. Scanlan himself has come, recently, to recognize this difficulty although he appears reluctant to alter his presentation style (Scanlan 2016a, footnote 3, p. 7) .
The goal here is to explore analytically and empirically HRX, and to show under what conditions HRX holds. It seems remarkable that given the central importance of distribution functions to mathematical statisticians and probablists, that after more than 20 years of writing on the matter only one article has addressed HRX, or Scanlan's rule, within a more formal framework (Lambert and Subramanian 2014) . Perhaps this is because Scanlan has not contributed to the mainstream sources most statisticians read. Whatever the reason, Lambert and Subramanian state but do not prove a result which is proven here in Theorem 2.1 and which holds in more generality. In particular, their statement (Lambert and Subramanian 2014, p. 568-569) In Table 1 x is a percent poverty line; x = 100 is the 100% poverty line aggregate dollar amount defined by the U. S. Census Bureau; x = 200 and x = 50 would designate twice the poverty line income or half the income, respectively. In the following
is the proportion of blacks below a given x, and similarly F W (x) for whites. Table 1 reveals that at all levels of x there are proportionally more blacks below x than whites. Second note that in Table 1 , increases in x over the entire range of reported data (from 50 to 600) is associated with monotonic decreases in both SR and FR. This is HRX, which can be more easily seen by the graphed points in Fig. 1 : As x decreases, both the empirical SR and FR increase. Consider those at the poverty line, x = 100, then FR(100) = 2.29 or proportionally more than twice as many blacks as whites fall at or below the poverty line. However the success ratio, SR(100) = .84, avoiding poverty, is nearer to one, and does not appear as bleak. The fact that FR and SR can display very different magnitudes of departure from one is one of the well know difficulties in deciding which risk ratio, FR or SR, on which to focus. It is important to recognize what Scanlan views as important. A naive glance at the FR(100) = 2.29 might prompt the conclusion that discrimination is the root cause of more than twice the proportion of blacks being below the poverty line than whites. Scanlan does not dispute this possibility. Rather, he argues that the property of HRX must be considered before a discrimination or bias conclusion is made. Thus, HRX, a purely statistical property of tail ratios may be the basis for the disparity, and not discrimination. Thus, HRX is a possible explanation that must be considered when disparities are interpreted. Now suppose that both blacks and whites, through some effective social policy, experienced an additive shift such that those now at x = 50, or half the poverty line income, were now at x = 100, which can be viewed as effectively rescaling the x variable. While the overall proportions of both blacks and whites below the poverty line would both be substantially smaller, the corresponding FR would be much higher, going from 2.29 prior to the additive shift to .118/.044 = 2.68 afterwards. Hence, as Scanlan says ". . . the rarer the outcome, the greater the disparity in experiencing the outcome. " Similarly, for the other ratio, ". . . the smaller the disparity in avoiding the outcome" namely the SR ratio associated with those avoiding poverty. The SR disparity is reduced from .84 to .92.
The change in these ratios, as x changes is the key critical empirical fact of Table 1 to note: As x increases, both FR and SR decrease. Scanlan argues that people (even professionals) often fail to appreciate how these ratios behave under varying values of x, at least in some settings. Without addressing what might be a plausible distribution of poverty rates, Scanlan has suggested that "any set of data reflecting more or less normal distributions of factors" will reveal HRX. (Scanlan 2006, p. 47-48) . This claim will be considered below.
Early on, Scanlan considered risk ratios as they are defined above with the distribution of the advantaged group in the denominator. Consequently as Table 1 shows, both FR and SR decrease with increase in x. More recently, Scanlan has placed the larger of the tail areas in the numerator. So for example in Table 1 , SR becomes for Scanlan 1/SR, and consequently he now claims, in some of his writings, . . . . " the two relative differences tend to change in opposite direction . . . (Scanlan 2014a, p. 330) . Here "relative difference" is defined as the risk ratio minus one.
As suggested, Scanlan has addressed myriad settings where population disparities in outcomes occur, infant mortality, arrest frequencies, mortgage lending rates, school discipline rates and the like. The Scanlan signature model (SSM) which forms the conceptual basis for many of his empirical claims consists of two normal distributions with different means and equal variances, the normal shift model.
Let n(μ, σ ) denote a normal density with mean μ and standard deviation σ . Denote the density for the disadvantaged group as n D (0, 1) and for the advantaged group as n A (.51, 1). Let be the standard normal distribution function lower tail. What is often surprising is that, as the results of the empirical example in Table 1 increases with decreasing x, and in this case, over the entire range of x. Again, this is HRX. According to Scanlan: "In 2000, however, this pattern was virtually unknown to health researchers or anyone else. . . " (Scanlan 2014a, p. 328) .
To understand HRX likely involves graphs, and grasping the trajectory of risk ratios SR(x) and FR(x) over x. Consequently, given the importance for Scanlan of this motivating case, graphs similar to Fig. 2 would seem natural candidates for display. It is thus puzzling that Scanlan apparently has never provided such a graph. He does provide poverty data risk ratio graphs in Scanlan (2006) . No graphs appear in his most comprehensive publication (Scanlan 2014a) . Two shifted normal densities appear in Scanlan (1994) It is the equal variances case only that leads to HRX holding in the normal cases, over all x. See Example 4 below. In fact, seemingly small departures can lead to dramatic failures of HRX, as Fig. 3 shows, where n A (.5, 1), and n D (.4, 1.1). So caution needs to be exercised regarding claims about the effects of HRX in settings where the distributions are unknown. Still, HRX often seems to hold over regions of X which are of practical relevance for many empirical data settings. However, none of Scanlan's examples seems well modeled by SSM, his signature normal shift model. For example if the poverty data were regarded as being normal in distribution, then the values in Table 1 lead to mean and standard deviation estimates n B (222, 197) , n W (351, 233) with corresponding SR and FR tail ratios in Fig. 1 . Under normality HRX fails in general in this example when poverty values turn negative. However, HRX clearly holds over the realizable values of interest 50 ≤ x ≤ 600 the range of Census Bureau data. Figure 1 also reveals that the empirical risk ratios (points) and model values of SR(x) and FR(x) (lines) constructed under normality are in poor agreement, signaling normality is a poor model for these poverty data.
Perhaps the setting where the effects of HRX and Scanlan's arguments should find the most saliency, are college admissions or similar selection settings. Here properties of the setting are reasonably well known. College officials have known control over the critical test scores required for acceptance, and the distribution of the test scores, such as SAT scores, are commonly assumed to be normal or roughly so. Different ethnic groups are known to often have very different SAT test score distributions, and these typically remain fairly stationary over the years. Consider African American and white student applicants; the mean difference for different portions of the SAT has remained essentially constant favoring whites for many years. The standard deviations have remained similar. From the National Center for Education Statistics (NCES) 2014, (or similarly, the College Board 2016) the reading SAT is for African Americans n B (429, 103) and for whites n W (531, 100). Figure 4 shows the risk ratios for these distributions for the SAT range of 400 to 700. HRX clearly holds here. There is no really satisfactory critical SAT that results in a success ratio near one so there is substantial disparity; SR(600) = .20, SR(400) = .68. With a acceptance score of 550 or above, SR(550) = .28, still a potentially socially troublesome value; the fail ratio, FR(550) = 1.53, so more African Americans are likely to be rejected than whites. However, this example may be unrealistic for some settings. Student applicants do self-select, and typically apply only to those colleges for which they have some reasonable expectation of being accepted. Consequently, the population distribution of college applicants for a given college may well be very different from the NCES data.
With the above as background, next consider conditions under which HRX holds, and conditions for HRX to hold for selected distributions. Some other related analytical results as presented as well.
Analytical results

Definitions and main results
Definition 1 As above, let F D (x) and F A (x) be two cdfs with either probability density functions (pdfs) or probability mass functions (pmfs) f D (x) and f A (x) with support sets S D and S A , respectively. As defined at the outset above, FR(x) and SR(x) are failure and success ratios respectively. Assume both are non-increasing for x ∈ S D ∩ S A , with FR(x) ≥ 1 and SR(x) ≤ 1 then F D (x) and F A (x) are said to have the HRX property, or simply F D (x)
and F A (x) are HRX.
As noted above, Lambert and Subramanian ( 2014) 
consider without proof conditions under which continuous F D (x) and F A (x) are HRX, assuming x ∈[ 0, ∞). They relate HRX to a monotone likelihood ratio (MLR) property and stochastic ordering.
Definition 2 F D (x) and F A (x) have the MLR property if f D (x)/f A (x) is non-increasing for x ∈ S
D ∩ S A .
Definition 3 F(x) is called log-concave provided log f (x) is concave.
Definition 4 F D (x) and F A (x) form a location shift model when F A (x) = F D (x−θ), θ > 0, and F D (x) is a continuous distribution. The main result is stated in the following theorem which uses methods in Shaked and Shanthikumar ( 2007, Section 1.C.1).
Theorem 1 If F D (x) and F A (x) have the MLR property, Definition 2, then they have property HRX of Definition 1. That is, MLR implies HRX.
Proof
Expanding gives
Hence, FR(x) is non-increasing on S D ∩ S A . A similar argument shows SR(x) is also non-increasing on S
Wellner (2012) proved the following lemma:
Lemma 1 The pdfs f (x), f (x − θ) have MLR property if and only if f is log-concave.
f D (x) f A (x) ≥ f D (x + 1) f A (x + 1) ⇐⇒ x ≤ (m − rn)/(1 − r)
By considering cases min(m, n) = m or n, it follows the above expression holds if and only if min(m, n) − 1 ≤ (m − rn)/(1 − r). Hence, the binomial satisfies Definition 2, and by Theorem 1, the HRX property holds. Discrete models can be used when the D and A populations must obtain a certain number of items correct to pass the test. If the criterion for passing is lowered to increase SR(x), FR(x) will unexpectedly increase, because of HRX. Mixtures provide flexible models, as will be illustrated below. Consider two component mixtures F D
The following theorem provides conditions under which F D (x) and F A (x) are HRX.
Theorem 2 Given the above mixtures, suppose according to Definition 2, the following pairs have the MLR property
The numerator is decreasing by the MLR property. The denominator is increasing because
is decreasing. Hence, the ratio is decreasing and HRX follows from Theorem 1.
A simple example of Theorem 2 occurs when the mixtures are defined by a log-concave location shift model with location parameters θ D 1 < θ D 2 < θ A 1 < θ A 2 . More complicated models are possible.
Recall the dilemma of HRX. Consider a criterion value c above which there is success. If c is lowered so that SR(c) increases toward one, the unexpected consequence is that FR(c) also increases. There is an alternative way to view this situation. Consider P(D|F) as the proportion of D members in the failure pool and P(D|S) as the proportion of D members in the success pool. Further, let P(D) and P(A) be the relative proportions in the D ∪ A population. We have the corresponding dilemma: When c is lowered so that SR(c) increases, it also happens that P(D|S) increases. Similarly, with increases in FR(c) there are unexpected increases in P(D|F); the proportion of the D population in the failure pool increases. This result is developed in the following theorem.
Theorem 3 Suppose F D (x) and F A (x) satisfy Definition 1 and are HRX. Then P(D|S) and P(D|F) are non-decreasing functions of SR(x) and FR(x) respectively. Proof Let c be the criterion value for pass-fail. Note that P(F|D) = F D (c) and P(F|S) = F A (c). Using Bayes theorem:
P(D|F) = P(F|D)P(D) P(F|D)P(D) + P(F|A)P(A)
Divide numerator and denominator by P(F|A) then:
P(D|F) = FR(c)P(D) FR(c)P(D) + P(A)
.
This is a non-decreasing function of FR(c). A similar argument shows P(D|S) is a nondecreasing function of SR(c).
Suppose c is decreased. Under HRX both SR(c) and FR(c) increase. By Theorem 3 both P(D|S) and P(D|F) increase.
When HRX fails to hold
Example 4 Consider the normal location-scale model and without loss of generality
The MLR property only holds for certain x. Figure 5 shows that FR(x) and SR(x) are not decreasing functions of x on (−∞, ∞), however this example and others demonstrate there may be intervals for which HRX holds. 
Theorem 4 Given continuous distributions and FR(x), SR(x), and l(x)
Proof The results follow from noting that the derivatives
To apply Theorem 4 requires at a minimum the solution of Eq. 1. A more practical approach is to plot FR(x) and SR(x) and by inspection determine the HRX interval, noting whether the HRX interval contains the relevant critical values of c. As noted earlier, the t distribution is not log-concave, and hence the MLR property does not hold. 
Data, inference, asymptotics
It is of interest to consider the variance, covariance and correlation between the risk ratio estimates SR(c) and FR(c) given Olkin's (1998) observation that "the risk ratio for dying is unrelated to the risk ratio for surviving. . . " and earlier Sheps (1958) commented that FR "has no predictable relation" to SR.
Consider a fixed c. The asymptotic covariance, variances and correlation are as follows:
and the variances are
The correlation is:
. 
A simulation of 1000 FR(c), SR(c)
Discussion
Scanlan argues in his 2014 Society article "Race and Mortality Revisited" that since his 2000 "Race and Mortality" Society article that "almost nothing said" about health disparities "has had a sound statistical basis (Scanlan 2014a, p. 330) . " This is quite an indictment. Without considering the merits of the statement, there seems little doubt that Scanlan's efforts have not elicited the attention they deserve; it is also clear that some writers have avoided if not ignored his work. Scanlan (2014a, p. 344) Scanlan's own writing can be hard to penetrate, as was noted at the outset, and his lack of notation, avoidance of graphs, especially in his published articles would appear to be clear hindrances to understanding. Simple graphs, such as Fig. 1 , would appear to make HRX much more easily understandable. At least graphs should supplement tabled values, to facilitate understanding of HRX which certainly can be elusive.
Recall SSM denotes Scanlan's signature model and is displayed in Fig. 2 . SSM is ubiquitous in its use in Scanlan's documents and is the motivation for invoking HRX under SSM in myriad settings. SSM is a restrictive model framework; it assumes there is a measurable variable, such as test scores, over which there is assumed to be a pair of normal or at least approximately normal distributions, with equal variances; it is assumed that the empirical data of focus are in rough correspondence to the SSM model. It further assumes there is some fixed cutting or decision score, so that the risk ratios are plausibly defined. Many question which is discussed in the analytical section above, concerns the problem of specifying conditions under which HRX holds over regions of practical relevance. That HRX fails under normality when test scores turn negative is of no practical concern.
Dynamic graphs with sliders to adjust the model parameters can result in real-time displays of the risk ratios using Mathematica's Manipulate command (Wolfram Research Inc. 2017) . These graphs are very helpful for exploring the behavior of SR(x) and FR(x). It would appear that, under normality, as long as the mean of the disadvantaged group is substantially smaller than the mean of the advantaged group, considerable variation in the variance parameters of each distribution can be tolerated for HRX to hold over non-negative x or the region of interest. Figure 4 provides a real illustrative example, and so of course does Fig. 1 . Another set of issues are statistical. Some asymptotic results were given above for estimates of SR(x) and FR(x) and their correlation, but there are many open questions of interest. For example, given data, can an interval of x for which HRX holds be specified? This question relates to Theorem 4 and the discussion that follows that theorem. Can a test of the appropriateness of HRX be developed?
A critically important question is raised by Scanlan's concerns: How does one evaluate, in data, the relative importance of HRX given possible bias or discrimination? It seems highly unlikely, even if HRX were more widely understood, that matters of social policy would be altered substantially from current practice unless it were possible to separate the influence on risk ratios of HRX from the influence of discrimination or bias. Scanlan's HRX is an interesting property that deserves much wider attention.
